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Jef (WHILE Language)
Ai= neX(xVar)AA) As A

...

Arithmetic Expressions

B :=/(f)AA)Be B) BaB ... Boolean Expressions

C :: = siplex :=A) CIC/BC Commands

I while B do C

First Attempt at Semantics ICD : E ->E
State [ = Var->I in

-

State Transformer"

IAD : E ->↳ Standard [Sip] = ide [CiC2B = [C] · [2 , ]

Stuff [defx := AD(s) = S[X+ [A](s)]
[BD : E -> Bool S ↓

[ifBPe](s) =
[CB(s) if [IBD)s)= etS [GD(s) if [B](s)= ff



[while Bo CD ?

[while B do CB(s) = S
QuhileB doCD · [cD(S) if [BB(s) = et

S if [BB(s) = ff

[while x > O do skipD ?
[while x > 0 do Skip T(s) (s(x) > 0)

=G(- 11-Do(skipDCs) if [BD(s) = te
S if [BD(s) = If

=k- 11-]o(skip(s) = C- 11- T(s)

Il
-



Let FB
,
c
: (G -> 9) + (2-2)

FB
,
c(f)(s) = S

fo [CD(s) if [BB(s) = T

S if [BB(s) = 0
too many fix points...

None cre good
Criterion : Solve forf s

.
z
.

f = FB
,
c (f) fixpoint . ↑

f(s) if s(x) > O

problem : f = Fx0
, skip
(f) -> f(s) = 4 S if Sco

Then best fixpoint is f(s) = E undefined if s(x) >@

S if S(x)O

Sc Change ro ICD : E-E .6 fEg iff UseE
.

f(s)v = g(s)) and f(s) = g(s)

Least fix point



Bottom-up Approach to least fix point

· ↓ (s) : = undefined for all se

↓ (x--D(s) = undef S(X) > 0
· Fx0

, x
(1)(s) =

s S (x)40
E

L
undefined

· F(F(1))(s) = Ge S(X)71

[x- -B(s)0< S(x) * 1

S(x)0

undefined S(x) > 2
· F3(t) (s) = [x- -]2(s) S(X)=2

I

↓ S#--](s) S(x) = 1

S S(x) = 0
↓



So F(1)EF(1)E
...

when do we hit the complete solution ?

[while B do CD ="FO"
B
,
C

universal = F()
property,

n .

F(h)W
and whenever In

.
FP(t) Eg

,

then WeNF() Eg .
In (9-5

,
E)

. MeNF(h)=
↑

union of graphs



&CPOS (pointed)

def (D, 1) poset isePEL
· D has I least element

· For every directed S & D , WS exists

⑮

genera
Vxges

.
zes.

ION-example

Examples
w = (N

, X)
-

·cE · N1 = Nu E13 · E =N-
WN ?

-
/S Can do

·A - B O 1 2 3
...
Better

w + 1 = NUEN3
A
,
Be Set
-,X
-



Category of DCPOs

Idef function f : D->E is

· monotone if S2t =) f(s)[f(t)
-

O
(Scott)

if for all directed SED
,
f(WS) = Wf(S]Continuous 1

- 1
(non-empty)

monotone and ↳DO NOTwat
fl=

Theorem (Knaster-Torski , 19 ??) :

For FiD->D continuous
,
WF(L) is least fix point.

f2(t)

NEN O~ /
f(t)

rof F(WenF"())=W=) -

Wi

↓
If F(d) = d

,

then
mone

Fu()[F"(d) * d so WF(HEd .
1

NEW

Exercise FB
,
c
is continuous.



Function Space

def
[D-> EJ

= Ef : D->El f continuous

f E
(D+E39VdeD .

f(d) feg(d)

+
SD-Ej(d) = +E

(tS)(d) = (Ef(d)(feS3 for SE[D-E]

versi Sfe[D-E])f(1) =+3
example A-BE [A +-+B1] so E = [var-[i]-



Semantics of WHILE

IAD : [E +2 +]

Ine[](s) = n

[xVar](s) = S(X)

[A
,
+ AzD(S) = [H , ](s) [ +T [Az](s)

!
k

,
[ +]kz = k

,
+ kz

k
, [ +1 1 = t

+ [ + 3kz = 1

+[+ + =1



Semantics of WHILE

ICD : [2 -> []

[skipB = idg [C , iCD = ICzBoKCB

& def n : = AD(s) = E
↓ if DAD(s) = 1
S[n := [AD(s)] otherwise

E
↓ if [BD(S) =1

[if B then C
,
else CD(s) = [C ,](s) if [BB(s) = It

[CDCs) if IBBCs) = ff

[while B do CD =W F(t)



Observable Properties

properties USD

E information order =) if xell , xEY then yet

(1) upwards closed)

For G =Vor-,
Observing = creaking a variable t directed

Observable= checkable on finitely many variables
(semi-decidable) ↳ ↓ sneaky...

e
. g. Es : E)s(x) =33 If s= [ii]

Es :E/Vx :Vor
.

S() even 3 X
and Sell =>JI'EfinI .

W(xi>mi)
itI'

-
(inaccesibleby)St=Essen



Scott Topology

If UED is Scott open if:
Scott open

· I upwards - closed

· User IseS .

sell I iM Scott open

IDEEMEDI 1 Scott open3 D Scott open

uny fin ?

WSEM=ViseS . Si eNi
I
fin

claim

FiD-E Scott-Continuous

iff

f : (D
,
AD) ->CE

,
whE) ⑭

Topologically continuous



Bridge elements

· seGs :g(s(=](=> S(x) = k (=) [X1>k]ES

↑[xi k] small" elevent
"prime" property

Scott-open :

US eY(x 1>k]()(x+>]EWS => JseS .

[x1>k]aS

<=> 7seS
. SEYEX1>K]

· Vs:=]
S described by small elems

& Bridge between logic-

117

I described by wireproperties
& programs

· Every UELD is Union of & of ↑ (x1 ->k]



Compact Elements

defcED is·pact if &WS =) JyeS . x1Y for all S
directed

example -w +1
-

compact??) ↑
·I is compact

compact
· Yo· finite pfuncs f : A - B, ~

· Every element in A1
↑
1

· w + 1 EW + 2

↑
Notation

TD= ECED) a compact 3 non-exempte
W

↓ d = Sc = (D) c = d3 ↑ :
Is a compact ? X

Is 1 compact? X
<d) eLd A

a T
u T
↓



Algebraic DCPO

def D is Algebraic if

VdED
, hd is directed, and WLd = d

Example non-example
-

W
· A-B what is KD ?

:↑1 = D E+3

a T WEl3 =1 +O F1 ...u T
I
-

theorem If D Algebraic, MrD generated by ENc/ceKD3
,

i
.
e.

-

proof UEOD = U = UStc/cEKD & cus
-

(2) upwad-closure
. (C) deUE)Well = Jod . Cl = dec. D



Algebraic Function Space

#orem?If D
,
E algebraic then [D->EJ algebraic.

No
,
but for stupid reasons .

the bad-aid fix
If
-

A

orem If Dalg and Escott domain then [D->EY Scott.

k[D-E] = [Wien] di
,
ei compact

fin
I 79 .

Vei [de]9
-- -

mutuallyConsistent

[dewei)(x) = Ge X] di

↓ otherwise

Logically , fe ↑(d> ei]
Hoare Triples !
--

f(rdi) =Ye=> [di] f[Yei]



This is a Hoare Logic because of previous theorem !
(It's not my fault)





Comparison with Sep . Logic (Semantics

↳↳ Not upwards closed on heaps h.
i
.

e. n h' & e,S, h F emp

# e
, s, n'temp .

Sep . Logic more general than Scott semantics



Unexplored Avenues

· Reverse Process : Start with Logic => Get deno . Sem .?

i N AlgDCPO= Super Coherent Space
Store Duality" -

conditions expressible
On opens

· Stone Duality for Separation Logic ? (Simon Docherty
,
I

David Pym
· Other Geometry-Algebra dualities in CS ?
↳ Algebraic Geometry for algebraic effects
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